We investigate a broad family of chemical reaction networks (CRNs) assigned with mass action kinetics, called complex-balanced-produced-CRNs (CBP-CRNs), which are generated by any given complex balanced mass action system (MAS) and whose structures depend on the selection of producing matrices. Unluckily, the generally applied pseudo-Helmholtz free energy function may fail to act as a Lyapunov function for the CBP-CRNs. Inspired by the method of Lyapunov function partial differential equations (PDEs), we construct one solution of their corresponding Lyapunov function PDEs, termed as the generalized pseudo-Helmholtz free energy function, and further show that solution can behave as a Lyapunov function to render the asymptotic stability for the CBP-CRNs. This work can be taken as an argument of the conjecture that Lyapunov function PDEs approach can serve for any MAS.
INTRODUCTION
Chemical reaction networks (CRNs) play unique roles in chemistry, biology, process industry and many other fields. The dynamics of CRNs following the mass action law, known as the mass action systems (MASs), can be modeled as polynomial ordinary differential equations. Plenty of work has been done on characterizing the dynamical properties of such systems [Angeli et al. (2007) , Angeli and David (2015) , Feinberg (1972) , Feinberg (1987) , Horn and Jackson (1972) ], among which the Lyapunov stability analysis has drawn great attention [Alradhawi and Angeli (2016) , Anderson et al. (2015) , Horn and Jackson (1972) , Rao (2013) , Sontag (2012) ]. For certain MASs with special structures such as reversible, balanced, etc., some inspiring outcomes have been achieved [Anderson et al. (2010) , Craciun and Feinberg (2006) , Feinberg (1995) , Johnston et al. (2013) , Rao (2013) ]. Following these studies, this paper deals with the construction of Lyapunov functions for MASs with some special structures. It has been showed that some particular network structures of MASs can lead to proper properties of equilibrim stability and distribution. Considering the weakly reversible structure, Horn and Jackson (1972) have discovered that with a zero deficiency such an MAS is complex balanced and admits exactly one positive equilibrium for each positive stoichiometric compatibility class, meanwhile each of these equilibria is locally asymptotically stable, known as the deficiency zero theorem. Feinberg (1988) has then further worked out the deficiency one theorem, weakened the deficiency conditions for the former one.
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Moreover, given persistent property of a complex balanced MAS, the global stability of its equilibria is proved [Anderson (2011) , Craciun et al. (2013) , Pantea (2011) , Siegel and Maclean (2000) , Sontag (2012) ]. Such studies have naturally drawn attention to the special structure of complex balancing. For Lyapunov stability analysis of CRNs, the construction of proper Lyapunov functions is a critical step. Sorts of approaches have been applied on this study, including employing the scaling limits of nonequilibrium potential basing on the potential theory [Anderson et al. (2015) ], piecewise linear in rate Lyapunov functions [Alradhawi and Angeli (2016) ] for balanced MASs, etc.. Specified to complex balanced MASs, Horn and Jackson (1972) have found the pseudo-Helmohotlz free energy function as a proper candidate. Another way related to the complex balancing is working on the linear conjugacy Siegel (2011), Johnston et al. (2012) , Johnston et al. (2013) ], where it has been showed that linear conjugate systems share stability properties, thus a complex balanced conjugate of the considered MAS proves its locally asymptotical stability [Szederknyi and Hangos (2011) ]. Ke et al. (2019) developed the generalized pseudo-Helmholtz function as the Lyapunov function for some conjugate MAS defined as reconstructions and reverse reconstructions of CRNs. Meanwhile, the Lyapunov functions for CRNs with more general structures remain challenging. In this case, Fang and Gao (2019) derived a partial differential equation (PDE) based on chemical master equation for any general MAS, with its solutions (if existed) as Lyapunov candidates of such system, and thus referred to as the Lyapunov function PDEs. This method has served well on complex balanced CRNs, general CRNs with a 1-dimensional stoichiometric subspace and some special CRNs with higher dimensional stoichiometric subspace, while general CRNs with more than a 2-dimensional stoichiometric subspace still need to be explored. Fang and Gao (2019) have made a conjecture that for any MAS admitting a stable positive equilibrium, the induced Lyapunov function PDEs have the required solution under proper set of boundary complex. Inspired by these works, this paper focuses on a broad family of CRNs generated by certain complex balanced MASs, where common Lyapunov candidates including the pseudo-Helmholtz function fail for the stability analysis. We develop the Lyapunov function PDEs for such systems, and seek for their proper solutions to serve as Lyapunov functions. Such CRNs also inherit some neat properties on asympotically stability and equilibria distribution from complex balanced networks. This work extends the Lyapunov stability analysis to a larger range of MASs. The remainder of this paper is organized as follows. Section 2 prepares some basic concepts on CRNs and Lyapunov function PDEs. Section 3 starts with some conclusions on applying Lyapunov function PDEs to complex balanced MASs, then by linear conjugacy approach, from complex balanced MASs we generate a class of networks named complex-balanced-produced-CRNs (CBP-CRNs), for which the Lyapunov function PDEs can be solved by some function with similar forms of the pseduo-Helomholtz function. This function is proved to serve well as a Lyapunov candidate for the CBP-CRNs. After this, Section 4 illustrate our results by an example. Finally, Section 5 concludes this work.
Mathematical Notations:
BASIC CONCEPT
In this section, some basic concepts of CRNs and Lyapunov function PDEs are recalled.
chemical reaction networks
Consider a network with n species S 1 , · · · , S n and r chemical reactions R 1 , · · · , R r with the ith reaction written as
where v ji , v ′ ji ∈ Z ≥0 represent the complexes of reactant and resultant, then it is defined as follows [Feinberg (1995) ].
representing the sets of species, complexes, and reactions respectively. When satisfying
Moreover, if the CRN follows the mass action law, i.e, given the concentration vector x ∈ R n ≥0 and the rate constant
, the reaction rate can be calculated as k i x v·i , letting K = (k 1 , · · · , k r ) representing the set of reaction rate constants, then (S, C, R, K) is a mass action system (MAS).
which means at certain state the consuming rate equals the producing rate for any complex, then x * is a complex balanced equilibrium of the MAS, and (S, C, R, K) is a complex balanced system.
Complex balanced MASs have been proved to possess some elegant properties [Rao (2013) ]. Theorem 1. Given any complex balanced MAS (S, C, R, K) with an equilibrium x * ∈ R n >0 , for any initial state x 0 ∈ R n >0 , there exists a unique positive equilibrium x + ∈ (x 0 + S ), and x + is locally asymptotically stable with respect to all initial states in x 0 ∈ R n >0 nearby x + .
Lyapunov function PDEs
From ], the chemical master equation of a CRN can be developed into a PDE
, and for which the boundary condition is
where Cx represents the complex set induced by the boundary pointx. 
can behave as a Lyapunov function to render this system to be locally asymptotically stable at x * with any initial
MAIN RESULTS
In this section, we aim to acquire the Lyapunov function for a kind of special networks assigned with mass action kinetics, named CBP-CRNs, through the method of Lyapunov function PDEs.
Lyapunov function PDEs for complex balanced MASs
First of all, we will exhibit how Lyapunov function PDEs works for complex balanced MASs. Assume that a complex balanced MAS possesses one equilibrium point, it is well known that this network locally asymptotically converges to the equilibrium taking the pseudo-Helmholtz free energy function as the Lyapunov function [Horn and Jackson (1972) ]. As a matter of fact, the pseudo-Helmholtz free energy function is proved to be one of the solutions of the corresponding Lyapunov function PDEs for complex balanced systems. In addition, this solution serves as a Lyapunov function for the stability analysis for such MASs. The following Theorem 3 is given to indicate the above conclusions. Theorem 3. For a complex balanced MAS (S, C, R, K) with an equilibrium x * ∈ R n >0 , its corresponding Lyapunov function PDEs which are described by (3) and (4) have a solution
which is usually called the pseudo-Helmholtz free energy function. This means
and the boundary condition satisfies
whatever the boundary complex set Cx is. Furthermore, this system can achieve locally asymptotic stability at x * for any x ∈ (x * + S ) ∩ R n >0 near x * with respect to G(x).
Proof. The detailed proof can be found in the literature ].
Lyapunov function PDEs for a class of CBP-CRNs
Referred to ], the method of Lyapunov function PDEs works not only for complex balanced MASs as above, but also for CRNs with 1-dimensional stoichiometric subspace and some special cases assigned with higher dimension. Still, this approach hasn't been tested on many other structures of CRNs. This paper aims to apply such method to a class of networks which can be generated by complex balanced MASs through linear conjugacy related approach, and are defined as follows.
The CBP-CRNs are defined as Definition 5. Given a complex balanced MAS (S, C, R, K) governed by (1) with x * ∈ R n >0 to be an equilibrium, a MAS (S,C,R,K) is called a CBP-CRN with respect to (S, C, R, K) if for some positive diagonal matrix D = diag(d 1 , · · · , d n ), its complex setC
Remark 1. It should be pointed out that the constructed CBP-CRNs can be seen as an extension of the networks derived by reverse reconstruction for a given MAS referred to [Ke et al. (2019) ] where the original MAS and reverse reconstructed MAS share the same state variables and rate constants. Remark 2. Following Definition 5, it is easy to see that one complex balanced network can generate a family of corresponding networks with different producing matrices Ds, which indicates that the CBP-CRNs is a class of networks that covers the original network. When D is selected as an unit matrix, the CBP-CRN is exactly the original complex balanced system. Remark 3. It should be noted that D needs to be well chosen to guarantee v ′ ·i ∈ Z n >0 following our MAS setting in Definition 1. When extending to the generalized mass action systems where v ·i , v ′ ·i could be fractional, the selection of Ds can thus be broadened.
As a straightforward consequence from Definition 5, we have Proposition 1. For a CBP-CRN (S,C,R,K) generated by a given complex balanced MAS (S, C, R, K) following (1), the dynamical equations of the CBP-CRN folloẇ
Meanwhile, the existence of an equilibrium x * of (S, C, R, K) is equivalent tox * = D −1 x * being an equilibrium of (S,C,R,K),
Apparently, G(x) could not serve as a Lyapunov function anymore for this type of systems described by (8) except the special case where the derived CBP-CRNs gratify the complex balanced condition. In order to obtain a proper Lyapunov function for the CBP-CRN system, we turn our focus to its corresponding Lyapunov function PDEs, which are written as
together with the boundary condition
In what follows, a special solution G e (x) gratifying (9) and (10) is derived.
Theorem 4. For any CBP-CRNs (S,C,R,K) generated by a given complex balanced MAS (S, C, R, K), the following function
is a solution of the Lyapunov function PDEs (9) and (10).
Proof. ∀x ∈ (x * +S ) ∩ R n >0 , the gradient of the function (11) is
======= DLn x x * = D∇G(x). Substituting it into the left-hand side of (9) and (10), and further utilizing conditions involved in the Definition 5, we obtainr
(12) As for the boundary condition (10), it becomes
Note that the last equality in (12) and (13) are true due to the fact that G(x) is a solution of the Lyapunov function PDEs for complex balanced MASs shown in Theorem 3. ✷ Remark 4. As stated in [Ke et al. (2019) ], a generalized pseudo-Helmholtz function is defined as
where d i ≥ 0, τ 1 ≤ · · · ≤ τ p and {τ 1 , · · · , τ p } ⊆ I = {1, · · · , n}.
Observe that the expression of solution G e (x) is a special case ofG(x) while i = 1, · · · , n, thus we call it the generalized pseudo-Helmholtz function in the remaining contents.
Afterwards, we attend to show this solution G e (x) can be taken as a Lyapunov function for the CBP-CRNs, and that CBP-CRNs inherit the properties on equilibria distribution from complex balanced MASs.
Theorem 5. Given any CBP-CRN (S,C,R,K) with an equilibriumx * ∈ R n >0 and generated from a complex balanced MAS (S, C, R, K), for any initial statex 0 ∈ R n >0 , there exists a unique positive equilibriumx + of (S,C,R,K) such thatx + ∈ (x 0 +S ), and the solution G e (x) of (9) and (10) can act as a Lyapunov function to renderx + to be locally asymptotically stable with respect to arbitrary initial condition in (x 0 +S ) ∩ R n >0 nearx + .
Proof. According to Proposition 1, x * = Dx * is an equilibrium of (S, C, R, K). From Theorem 1, there exists a unique positive equilibrium x + ∈ (x 0 + S ) of (S, C, R, K), which can lead tox + = D −1 x + being a positive equilibrium in (x 0 +S ) of (S,C,R,K), and the uniqueness of x + guarantees that forx + based on Proposition 1. Since the solution of Lyapunov PDEs is dissipative, we knowĠ e (x) ≤ 0. Next we carry out the Hessian matrix of G e (x), which is obtained as
Clearly, ∀x ∈ (x 0 +S )∩R n >0 nearx + , G e (x) is twice differentiable and strictly convex, which means thatĠ e (x) = 0 if and only ifx =x + . Then the asymptotically stability follows immediately due to Theorem 2. ✷ Remark 5. As stated in Remark 2, there can be diverse networks induced by a single complex balanced system on account of various choices of producing matrices Ds, while for each of the former networks a Lyapunov candidate is naturally given. This means with above method, a lot more MASs other than complex balanced ones are equipped with a promising stability analysis approach. At the same time, Fang and Gao (2019)'s conjecture, that for any MAS with proper boundary complex set admitting a stable positive equilibrium, its corresponding Lyapunov function PDEs have a solution qualified as a Lyapunov function to suggest the system is locally asymptotically stable at the equilibrium, are confirmed for a class of CRNs with more general structures.
ILLUSTRATION
In this section an example is demonstrated to illustrate the above results.
Consider the following complex balanced network
Then the dynamics are established as ẋ 1 = 2x 2 1 − x 3 1 x 2 = −x 3 1 − 2x 2 1 x 2 with an equilibrium (x * 1 , x * 2 ) = (2, 1). Setting D = diag( 1 3 , 1), then according to the Definition 5 we have the following CBP-CRN For simplicity, the boundary point is set as (x 1 ,x 2 ) = (0,x 2 ) withx 2 > 0. Consequently, the boundary conditions are naturally satisfied.
Actually, it is not hard to clarify that f (x 1 ,x 2 ) = 1 3 (−x 1 −x 1 ln 6 x 1 ) −x 2 −x 2 ln 1 x 2 + 3 is a solution of (16). Substituting Additionally, Theorem 5 tells us that f (x 1 ,x 2 ) is valid for analyzing the asymptotic stability of (6, 1) (also see Fig.1 ).
CONCLUSION

